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Abstract. In this paper, we study the power of Gaussian curvature flow of 
a compact convex hypersurface and establish its Harnack inequality when the 
power is negative. In the Harnack inequality, we require that the absolute 
value of the power is strictly positive and strictly less than the inverse of the 
dimension of the hypersurface. 



1. Introduction 

The Harnack estimate or Harnack inequality plays an important role in geometric 
flows. For the heat equation, P. Li and S.-T. Yau [B] obtained the corresponding 
Harnack inequality by using the parabolic maximum principle. Hamilton [H [5] 
proved a Harnack inequality for the Ricci flow and mean curvature flow for all 
dimensions. For a Harnack inequality for m-power mean curvature flow, we refer to 
P], [9] and [10], where m is positive. B. Chow [3] considered a Harnack inequality 
for m-power Gaussian curvature flow for m > 0. 

In this paper, we consider the negative power Gaussian curvature flow of a com- 
pact convex hypersurface Fq : M n — » M" +1 , 



(1.1) 



d_ 

dt 



F(x,t) = 



1 



K{x,t) b 



v(x,t), 0<b<-- F(x,0) = F Q (x), x G M r 



Here K is the Gaussian curvature and v denotes the outward unit normal vector 
field. Using the similar argument in [3] , we obtain a Harnack inequality for the flow 

CU). 



Theorem 1.1. Suppose that F : M n 
IfO < b < i, then 



1 is a compact convex hypersurface. 



(1.2) 



d_ 

dt 



K{x,t) 1 



K{x,t) 1 



n b 



(1 - nb)t \K{x,t) b 



<0, 



where the notation \ ■ \h is defined in the next section. 



When — < b < 1, some interesting results have been derived in [7], where the 
author considered n = 2. 
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2. Notation and evolution equations 

2.1. Notation. Suppose that F : M n — > W n+1 is a hypersurface. The second 
fundamental form is given by 

/ d 2 F 

(2.1) hij = ' 



11 Xdxidxi' 

where (•, •} denotes the standard metric on R" +1 . The induced metric 

, . /OF dF\ 

on M gives us the mean curvature 

(2.3) // '/•'/',., 
and the Gaussian curvature 

(2.4) R= pM. 
V ' detfo,-) 

If a = {oLi} and j3 = {/3j} are 1-forms and s — {sy} is a symmetric positive 
definite covariant 2-tensor, we use the short notation 

(a,f3) s = (ai,Pi) s := s^aiPj, 

where (s^- ) is the inverse matrix of (sy). Similarly, if A = {a^k} and B = {f3 pqr } 
are covariant 3-tensors, we define 

{A,B) S = (Aijk, Bijk) s ■— s ip s jq s kr AijkBpgr. 

Finally, we define the Laplacian-type operator by 

(2.5) □ := h^ViVj. 

Here V denotes the Levi-Civita connection of the induced metric g on M. 

Let M n be a convex hypersurface in K n+1 , a — {o^} a 1-form on M™, and <f> a 
smooth function on M. We have the following identities (see [2] or [3]): 



(2.6) 


Rijki — 


huhjk — hikhji, 


(2.7) 


^ihjk = 




(2.8) 


(ViVj - VjVi)a k = 


—Rijkl9 lP Otp, 


(2.9) 


ViVjF = 


-hiju, 


(2.10) 


ViU = 


h l3 gi k V k F, 


(2.11) 


ViS/jV = 


g kl V k h i:j ■ ViF - g^huhkjv, 


(2.12) 


ViiKh^ 1 ) = 


o, 


(2.13) 


(ViD-DVi)0 = 


-(Vihjk^jVkfyh - (n - l)hijg jk V k 



2.2. Evolution equations. Now we consider a generalized Gaussian curvature 
flow 

(2.14) ^-F(x, t) = -f(K(x, t)) ■ v(x, t), F(x, 0) = F (x), x e M n , 

at 

where / : (0, +oo) -> R is a smooth function depending only on the Gaussian 
curvature K, which satisfies /' > everywhere in order to guarantee a short time 
existence. Such a type of Gaussian curvature flow is called the f -Gaussian curvature 
flow. 
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Remark 2.1. For convenience, in what follows, we write ft = f(Kt) and dt 



at • 



Under the /-Gaussian curvature flow, it is easy to verify the following evolution 
equations (compared with Lemma 3.1 in [3]), where ht = {(ht)ij}~- 

(2.15) dtigth = -2/ t (ftt)«, 

(2.16) dm = Vf t = fl-VKt, 

(2.17) dtihjij = ViVj/t- ft(gt) M (ht) lk (ht)ej, 

(2.18) d t K t = flK t .(n t K t + jL\VK t \l t + J^-H t K t y 

(2.19) d t ft = tiKfiOtft + HJt], 

(2.20) d t H t = A t ft + ft\h t \i, 



(2.21) d t U t = -(VV/t,VV)fc t +/ t At+[2-n + ^rJ<A t / t) At> fl . 

Remark 2.2. If M™ is compact and convex, then H — Ho > 0; using the evolution 
equation (|2.20p , we see that H(x,t) = H t (x) > under the /-Gaussian curva- 
ture flow. According to (|2.4[) . we conclude that K(x,t) > along the /-Gaussian 

curvature flow. Therefore is well-defined. 

Jit 

3. HARNACK INEQUALITY 

Motivated by the self-similar solutions in [3] , we define a time-dependent tensor 
field P t = {(P t )ij} by 

(3.1) (P t )« = ViV^/i - {ht)llVk{ht)ij ■ Vtft + Mgt) ke (htU(h t )ej. 

Taking the trace of (Pt)ij with respect to (ht)ij, we set 

(3-2) Pt = (/it)^(Pt)«. 

Since \7K t — K t {h t )~qV {h t ) pq by (|2.12l) . we can rewrite P t as 



(3.3) P t = U t f t + f t H t - (M« Mm V fc (/h)ij • V// t = Dt/t + /tfli - 



3.1. Evolution equation for P t . In this subsection our task is to find the evo- 
lution equation for P t . Before doing this, we first write down some elementary 
formulas which will be used in our complicated and tedious computation. Since / 
is smooth depending only on K t , we have V/t = f' t VK t and 

(3-4) = ihttfifl'ViKt.VjKt + fiVtVjKt] = f' t U t K t + f t '\VK t \l t . 
Hence, (|2. 18[) can be rewritten as 

d t K t = K t {Utft + ftH t ) . 
Using ViK t = Vi/t/Zt, we obtain 

(3.5) ViVjXi = V, (/r'Vi/t) - -/r 3 / t "V,/ t • Wjft + /r'ViV./t. 
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The next useful formula is 



U t {f t )K t ) = {httfViifl'VjKt-Kt + fl-ViKt) 



= (ht)- 1 W'KtViVjKt + (fi"K t + 2fl')ViK t ■ VjK t + f' t V t V K t ] 
= {hi)" 1 [ft + fl'K t ] (jjViVjft ~ ^Vi/t • V,-/t) 
+ {ht )^[fl"K t + 2fP V ^- V ^ 



(3-6) = ( 1 + ^) D ^ + (^ + f -^)|V/*1 



Lemma 3.1. Under the f -Gaussian curvature flow, we have 

d t (D t f t ) = f t K t • □*(□*/*) + 2 (l + f -^j (Vf t ,V(n t f t ) ht 

+ (i + ^) (n*/*) 2 + //^t • a t (H t f(K t )) 

(3.7) +2 ('l + ^) (Vf t ,V(Htft))h t • ( l • / /', • □, /■, 



// 2 



-|VV/ t | 2 ^+/tA t / t +(2-n+-A.j |V/ t | 2 t . 
Pnoo/. From ft(D t / t ) = / t + D t (d t / t ), we get 

d t (D t f t ) = -\VV.f t \ 2 ht +.f t A t f t + [2-n+ JL-^ |V/ t | 2 t +D t + H t f t )] . 

Now we evaluate the last term: 

□ t [f t K t {U t f t + H t f t )} = W t K t ) ■ (D t .f t + H t f t ) + f' t K t ■ □*(□*/* + Htft) 

+2(V(flK t ),V(n t f t + H t ft)) ht 

= (l + f -^j Htft (D t ft + Htft) 

+ + fJ jS^) WMl (□*/* + Htft) 

+f' t KfUt{U t ft)+ f' t Kt -Ut{H t ft) 

+2^i + ^*)v/ t ,v(n t /t) + v(H t / t )^ . 

Simplifying the above and plugging into the expression of d t (O t ft), we obtain the 
required result. □ 
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Lemma 3.2. Under the f -Gaussian curvature flow, we have 



dt 



IV/, 



t\h 



flK t 



= (UK t )a t 



Wt\l 
f'tKt 



2 1 



fl'Kt 
ft 



v/ t ,v 



'|V/ t | 2 



hi 



-2|VV/ t |£, + 2(V i (h t ) jk ,V i f t ■ VjVfc/t)^ 



+2/ t (ViT t) V/ t >, 



ft'KA f 



ft J flKt 



V f't K t 
Ht\Vf t \l 



-(v i /-v i / lfciJ v i /-v i M/ 1 + (i + /t " A ' ' 21 '• /,|v/,h 



/; 



/ 

/'X 



2-n |V/| 



IT 
fl 



'4 



if 
fl 3 



{f'tKt? 



f[Kt 
V/tlt- 



Proof. The proof is similar to that in [3] . We observe first that 
'|V/t|? \ 



a, 



flKt 



fl' 



"if [jK t + K?) ftKt(a t f t +H t f t )\\7f t \l 

+2(flK t )- 1 {V(flK t (D t f t + H t f t )), Vf t ) hi 

-(flKt)- 1 (fk^iht)^ 1 (VfeV^/t - f t g pq h kp h qe ) ViftVjft 



Kt 
ft 



fl' 



J>K t + K?) ( U tft+H t f t )\Vf t \i t 



ftWfA 



f'tK t 



-(/ t %)- 1 (v i v,-/ i ,v i / t v i / t } fet + 2(v(n t / t + J ff i / 4 ),v/ 4 ) ftt 

+2(flK t )- 1 (V(flK t ),Vf t ) ht (n t f t + H t f t ) 

fl'KA(n t f t +H t f t )\Vf t \l (V,V i /t,V i / t V i / t >fc 



+ 



/*% 



// 

|V/ t 



/< IV7-f |2 



St 



2<v(n t /t + ff t /t),v/t) ht . 



On the other hand, we compute the Laplacian of 



I V/i I 

ftp^* with respect to (ht)ij- 



D t ((flKty^Ml) = D t {{f'tKt)- 1 ) \Vft\l t + {f'tKt)- 1 ■ Dt{h t )^ ■ S7.JtV.ft 

2D t (Vi/ t ) • Vi/t + 2 (VfcVi/ t , VfcVj/t)^ 

+4<V fc /ir. 1 , VfcVi/ • S7 j f) h (f'K)- 1 
+2 (V k (flK t )-\ VfeC^r 1 • Vi/tVj/t)^ 
+4 (V k (flK t )-\ (ht^WkWift ■ Vjf t ) ht 
= D t {{f'tKt)- 1 ) \Vft\l t + {f'tKt)- 1 ■ Diht)- 1 ■ ViftVjft 
+2{f t K t ) - 1 (D t { Vf t ) , V/ t >* t + 2 {f[K t ) - 1 1 V 4 V, f t \ \ t 
+2 (V k {flK t )-\ Vk(ht)^) ht ■ V,/ t V,-/ t 
+4<V fc (/ t 'K 4 )" 1 V. i / 4 ,V fc VJ i ) ht 
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We compute some elementary formulas which will be used later. Note that 

-2V7 Wt 



-Kt"VK t 



Therefore 



var 1 ) = -/r 2 v/ t ' = -§v/ t . 



iht)- 1 



2 Vj/fV;-/, 1 /V,V../, / t 



^ t 3 



/^ 2 



// 3 



/ t ' 2 ^ t 3 
2 , // 



|V/ t |? 



□ti/r 1 ) 



3/t" 2 



/r 

if 



fin 

f 5 f'4 
./t ,/t 



|V/ t |£ 



f" 

2 j/t 
/t 



'3 



□t/, 



and 



<V(iJ- 1 ),V(J£T 1 )> fct = ^5lV/t|^. 
Using these equations, we arrive at 

^((/^t)- 1 ) = □ t (.fr 1 )-^r 1 + /r 1 -n t (^r 1 ) + 2(v.r 1 ,v^r 1 ), t 



3/ t " 



+ 



K t f t b K t f« 

2 



\vft\l 



ft' 



Ktfl 3 



□t/ t 



1 + 



1 



+ 



3/ t " 2 /T 

/t' 3 



|v/ t |^ - 

□t/t 



3/ t " 



fl 2 K? 

V/tlL 



2/ t " 
/W 



|v/t|; 



/t' 4 



The Laplacian of (/it)" 1 with respect to (h t )ij is given by 

□((M-- 1 ) = (^t) M 1 v fc (-(/ lt )- p 1 (^t)7 9 1 v,(^)p 9 ) = -{ht^ih^u^h^ 

+{ht)u ( h t)Tp % ) ~ 1 h~ 1 V fe (/»*)„ V/ (/it ) M 
So the second term in the expression of □ t ((/ t 'ii t )~ 1 |V,/' t | 2 , t ) is 

□t((M^)v 4 /tV,/ t = -(/it)^ 1 (/it)7 g 1 n t (/i t ) P9 v i / t v,/ t 

+2(/ it )fe/(/ lt )r 1 (/ lt )7 1 (/ lt )- 1 V fe (/ it ) rs V £ (/itUV i / t V j / t 

= -{□ t (/i t )«,V < / t V J -/t> fc( 

+2 (Vi/tV^Mw, V,-/* • Vi(ftt) M ) fct . 
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Combining those identities, we have 



flKt 



and we also have 

'iv/*it 



3/, 



//2 



+ 



+ 



flKt 

3/ t " \ |V/ t |t 



/t'tft //if* 

(Vi(Dt/t) + (V i (/i t )ifc,V J -Vfc/ t > fct ,V i /t) fct 



+ 



((n-lj^^-^Vfc/t.Vi/t)^ 

+2 {V k {f t K t )-\ Vk(h t )^) hf Vi/t • V,/ t 
+4(V fe (.f 4 'X t )- 1 V J / t ,V fe V J / t ), it 
(Vfc^y.VfcVi/fVj-/*)^ 



-4 



+ 



3/, 



//2 



/f , 2 



3/ t " \ |V/ t |t 



n 4 



fi 3 



n (flK t ) 2 fPKj f' t K t 
<□*(/*)«, Vi/tV,-/*),,, 



+2 



(Vi/tVj(/tt)fct,Vj/ t Vi(/tt)fc i ) ht 



, 2(n-l)|V/ t & o (V(D t / t ),V/ t ), t 

H T7T7 r - 



+2 

-4 



+ 



tt 3 K t (fiK, 
fl' 



1 



//3jf t {f' t K t f 



flKt 

(Vi^^-fc.Vi/tVi/tVfc/t)^ 
(ViVjfuViftVjft)^ 



where we use the identities 



v((/ t 'x t )- 1 ) = 
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From the above equations we obtain 



1 fl'KA {2U t f t + H t f t )\Vf t \l t 



ft 
fl'Kt 
ft 



1-1 



flKt 
1 



flKt 



ft 



flKt 

in 12 n 



2(n - 1) |V/, 



\l+2(V(H t f t ),Vf t ) ht 
3/ t " 



\Vft\t 



+ (n t (ht)ij,Vif t ■ Vjft)^ - 2 (Wift ■ Vi{ht)u^jft ■ V l {ht)ki) h 



where 



2 (Vi^ik, Vi/t • ViVjb/t)^ - 2| VV/ t |^ 



On the other hand, from [2], we get 



flK t 



Otihh = -^rViVi/t - (1 1 ■'' A i 



+ (Vi(^)fc«,Vj(ft)w) ht -H t (h t )ij +n{gt) M {ht) lk {ht)i 3 . 

Here we use the identity ViVjft — /"V 'iK t V jK t + fViVjKt. Plugging it into 
previous formula, we get 

fl'JfA 2D t / t |V/ t |2 t 



2f t (VH u Vf t ) h 



2(n- l)+n 



|V/ t | 



3// 



//2 



4 1 



2 

St " 



4/t" 



Ht\Vf t \l 



(Vi/t.V^/HjM.V^/tJ-ViCfttJw)^ 



iv/tlt 



^ 1 + 1 )jK t (Vito*, VJtVi/tV*/*)^ 
+ 2<V < (fc t ) ifc> V < /tV J -V fc / t ) fct -2|VV/ t || t . 
The final step is to compute (ViVjft,ViftVjft)h t - We consider 



v/ t ,v 



|V/tll 



hi 



/t" 



jftf t if ( 2 / f ' 2 



|v/*lt 



(V i (/i t ) jfc ,V i /tV J -/*Vfc/t) ht 



-jT^iViVjfuViftVjft)^ 
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Substituting this formula into the evolution equation, we obtain 



7 = 21 



{VfuV^fiKt)- 1 ^!^)) -2\VVf t \l t 



ft 

+2 (Vi(h t ) jk , Vi/tVj-Vfc/t)^ + + 
- {V l ftV 3 {h t ) kl ,V f t V r {h t ) kl ) ht + 



f't'Kt 
ft ) f'tKt 
ft 



a t ff\vf t \ 2 ht 



2-n) |V/, 



3/ t " 



2(l- 



.f't'Kt^ 


\ ft 


ft , 


1 fKt\ 


fin 

ft + 


3 


n 3 


if'tKtY 


f't'KA 


( ft! 


ft ) \f 3 Kt 



fKt 

H t \Vft\l t +2ft(VH u Vf t } ht 
4/ t " 



|v/ t |t- 



f" 

The bracket in the last term equals -h 

Jt 



TP 



Lemma 3.3. Under the f -Gaussian curvature flow, we have 

(3.8) d t (f t H t ) = f t K t ■ (Ptf t + H t ft)H t + f t (A t f t + f t \h t \ 2 gt ). 

Proof. This immediately follows from ([2~T§1) and (|2~201) . 

Lemma 3.4. Under the f -Gaussian curvature flow, we have 

\Pt\l = |VV/ t |l t + (V J t ■ Vj(h t )ki, Vjft ■ V % {h t ) ke ), + f?\h t \ 2 



(3.9) 



(3.10) 



-2 (Vi(At)i*. Vi/t ' Vj-Vjk/*)^ + 2/ t A t / t - 2f t (VH t ,Vf t ) ht , 



P? 



(□t/tf 



IWtlt , f2 „ 2 n t /t-|v/tl 



-2Jj t / t • n t / t - 2 



Htft\Vft\l t 
fKt 



□ 



□ 



Proof. By definition, we have 

l-Pft = Qh)*VH)Jt [ViVi/fVAVz/t-CAt^VpC^Vg/tV/feV//, 
-ft(9t) P9 (h) ip (h t ) jq V k Veft - (ht) M 1 V P (h t )kiV q ftV l V 3 f t 
+ {ht)pq(ht)rsV p {h t ) lJ V r (h t ) kl ,y q f t V s ft 

-M9tY s (ht)ir(ht) js (ht)- q 1 V p (ht) k eV q ft + StigtT^hpiMt^i^ift 

+ f (9t ) pq (ht)i P (h ) jq (gt) rs (ht)kr (ht) es \ 
= |W/ t |i + (ViftVjihJkt, V J ftV t (hthe) ht + / t 2 |/i t |g t 

-2 (Vi(/i t ) jfc , Vi/tVj-Vk/t)^ + 2/tAt/t - 2/ t (V#t, V/ t ) ftt . 

The second equation is obviously proved by using the first one. □ 



As a direct consequence, we obtain 
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Theorem 3.5. Under the f -Gaussian curvature flow, we have 



d t P t = flKfDtPt + 2 1 + 



f't'Kt 
ft 



1 + S 



<V/ t ,VP t ) ht + 1/^+1 + 



fl'K, 



fl'Kt ft"K? 
ft ft 



WMl ( Nft\l t 



ftK t \ ftK t 



- n t / t - H t f t 



(3-11) 



+ 



1 + 



ftK t \ f 



- 1 



3.2. Harnack inequality for the negative power Gaussian curvature flow. 

For the sake of studying, we define three functions for x > 0: 



(3.12) 
(3.13) 
(3.14) 



a(x) = 



xf"{x) 

TO 



xf'jx) _ x 2 f'"{x) 
f'(x) f'{x) ' 



7( j " l + /'(*) )xf'(x) 



Using this simple notation, we can rewrite the evolution equation for P t as 

fl'K 



dtPt 



ftK t ■ D t P t + 21 + 



I t 
ft 



\Vft\l t Wft\l t 



ftKt \ .ftKt 



(Vf f ,VP t ) ht + \P\i t + [l + 



□t/t ~ H t f t 



fl'Kt 
ft 



+f3(K t ) [Hi ft + H t ■ Dtft] + i(K t )H t \Vf t \l 



ftK t ■ D t P t + 21 



fl'Kt 
ft 



<V/ t ,VPt)fc t + |Pt|t+ 1 + 



fl'K, 



t 
ft 



+ U t /3(K t )-a(K t ) l ^^A P t + 



{^+l(Kt))H t \Vft\l t . 



Observing that j(x) — —(3(x)/xf(x)' and (3'(x) — f(x)a(x)/x, we have 
d t Pt - ftKt-DP + 2^ + i^yVf u VPt) ht + \Pt\t+(l + ^ 

(3.15) 



+ ^-^|V/ t |^JPt, 
where p t = f3(K t ). 

To obtain the Harnack inequality for the negative power Gaussian curvature 
flow, we should impose some natural condition on /. First we investigate some 
properties of above three functions associated to the function /. 

Lemma 3.6. We have 

(a) a = if and only if f'(x) — ax b for some a > and b G M; 

(b) /3 = if and only if f(x) = ax b for ab > 0. 
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Proof. Suppose a = 0. Then x(f" 2 - /'/'") = /"/' and hence 

'f " 2 -f'f" \ _ ,„,, 

which implies that ~x(f"/f')' = f"/f. Let g := f'/f; so xg' = -g. Solving 
this ODE, we get g = b/x for some constant b. For (b), putting g = f'/f we get 
/ = ax b . □ 

When f(x) — x b for b > 0, B. Chow [3] derived the Harnack inequality for the 
/-Gaussian curvature flow. For the case b < 0, we give the following: 

Theorem 3.7. If f(x) = ax b satisfies (1) a > and b > 0, or (2) a < and 
-i < b < 0, </ien 

(3, 6 , P, > 

(3-17) - |V/(Jf t )k + |XTTT7 > °- 

Proof. From the above lemma, we have 

dtPt = abK\ ■ U t V t + 26(V/ t , VP t ) fet + |P t |^ + bP 2 t . 

Since |P t |^ t > ^, it follows that 



d t P t > abK\ ■ D t P t + 2b(Vf, f VP t )h t + [-+b)P 



n 



The parabolic maximum principle tells us that 



The last inequality is followed by dtft = ftKt(O t ft + ftHt)- O 
Now, Theorem 11.11 follows from the above theorem. 
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